This paper deals with a simulation model concerning the failure of inter-fiber bonding in a class of randomly oriented fibrous networks, e.g. natural cellulose fibrous systems. In this, the mechanical response behavior, the stress distribution and the failure modes of a randomly structured fibrous network with interfiber elastic bonds are examined. Here, the conventional modeling of the random fibrous network is modified to include the response behavior of inter-fiber hydrogen bonds which occur in natural cellulose fibrous networks, such as paper. In this presentation, a bonded junction between two overlapping fibers is modeled as a combination of linearly elastic translation and rotational springs with different response characteristics.
Fibers
The fiber exhibits a viscoelastic-plastic behavior, e.g., Bronkhorst (2003) , Haddad (1984) , Haddad (1995) and Haddad (2000) , thus, its viscoelastic characteristics must be identified in order to account, for instance, for its creep behavior. Likewise, fiber plasticity is an important feature, and has a strong impact on the global behavior of a fibrous system. Nevertheless, in order to better highlight the role of inter-fiber bonding (Bronkhorst (2003) ), the response behavior of a single fiber is assumed, in the present article, to be linearly elastic. Thus, the fiber, of an average length //, is modeled in this presentation, as an elastic rectangular Timoshenko beam (of a cross-sectional area S=wxh; an area moment of inertia l=wxh /12; and fiber Young's modulus Ef). Here, the fiber length may be considered as a random variable. Meantime, the planar position of midpoints of the fibers are obtained by employing a planar Poisson point process, e.g., Stoyan et al. (1987) and Hermann (1991) . Meanwhile, the planar geometrical orientation of the fibers, within the two-dimensional sheet, is assumed to follow the density probability function: p(6>) = -(l + a, cos(2#) + cos(4(9)η-(1) π where a, are some parameters which account for the anisotropy of the material. Such anisotropy may be induced by the manufacturing process. The fiber characteristics, considered in this presentation, are given in Table 1 . The beam finite element, adopted in the present study, is a two-node one with a cubic interpolation and three degrees of freedom per node (two translations and one rotation). The nodes are assumed to be located at the ends of every fiber and, also at the inter-fiber crossings.
Inter-fiber bonding
It is well-cited in the literature that the inter-fiber bonding, in natural cellulose systems, is due to hydrogen bonding. A description of such bonding could involve "Morse potential", Haddad (1984) , which can be written as follows:
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where d is the magnitude of the deformation vector between two matching points, forming an individual bond, within the inter-fiber junction area, ψ 0 is the equilibrium value, per bond, of the Morse potential al the value of d= 0 (ψ 0 may be taken as 4.5 kcal/mol OH) and vis the Morse constant (νκ 2 A" 1 ). Then, a total elastic force of bonding throughout the junction may be defined by considering the sum of the individual forces associated with the individual hydrogen bonds formed between the considered two fibers. Moreover, some authors, e.g., Haddad (1984) , consider that there are six hydrogen bonds, in case of natural cellulose, within a modeled unit cell area μ=10.3χ8.35 A. Thus, the total force induced by the hydrogen bonds and derived from the Morse-potential, may be expressed as
where A is the inter-fiber contact (junction) area, and K Morse is the bond rigidity in the ^-direction.
Therefore, if A = w χ w, K Morse value is:
This is a very high value which may be used with great caution. Indeed some authors (e.g., Haddad (1984) , Haddad (1995) and Haddad (2000) ) prefer to replace the inter-fiber junction area A by a so-called "actual bonded area" Ah. The latter, however, is difficult to determine and could be much less than A. Then an inter-fiber junction may be considered as a domain of elastic springs.
Thus, when a translation occurs between two bonded fibers, a force described by the equation (3) is involved. Likewise, when a rotation occurs, a torque is generated by the elastic springs. Thus, we propose to model a junction by two points only, that is to concentrate each bonded area in one point; those two points are linked by two different kinds of springs: a translational one and a rotational one. Accordingly, in our presentation, a junction is modeled as:
• two translational springs: their rigidities k, are the equivalent rigidity of the spring domain associated to an actual junction: k, corresponds to K Morse ;
• one rotational spring k,·, and
• two nodes: if fibers i and j are crossing at a point M, a distinction is made between a node M, belonging to fiber / and a node M t belonging to fiber /; nodes M, and M, are obviously located at the same place.
Then, a rigidity coupling matrix is used, meantime, to account for the elastic bonding, i.e., nodes M, and Mj are coupled through this matrix. Thus, for a two-dimensional network, the elastic energy stored in a junction is expressed as 
In the above, u" vj, 6\ are the displacements of a node M r Consequently, the fiber network is described with the degrees of freedom associated with every inter-fiber junction. This modeling is more general than the ones which may be found in the literature. Indeed, the bonds are usually either a rigid one or a pivot one. The model proposed in this paper allows rigid bonds (k, = +co) (and k r = +oo) and pivot bonds (k, = +oo) and k r = 0) as well.
As k, corresponds to the K M(trse , by consequence, it is of a large magnitude which would depend on the actual bonded area within the considered junction. As mentioned previously, the exact size of the actual bonded area is difficult to determine, and k, should be considered as a random quantity.
Another interesting issue which concerns the above topic is the magnitude of the rigidity that may be allowed in rotation. In some articles, this rigidity is assumed to be null when the width of the fiber is small compared with its length. Some authors, e.g. Ostoja-Starzewski et al. (1999) , have argued that the bonding might be sheared by such rigid connection, thus, an infinite value for k r was recommended. We comment further on this topic in the next section.
An internal failure process in a fibrous network is rather a complex stochastic process that may be influenced by a large number of inter-related microstructural mechanisms. A breakage process in a fibrous network may begin by either a fiber or an inter-fiber bond failure as a source. In the present article, however, we focus our attention on the phenomenon of "bond-breakage" as associated with the global failure criterion of a fibrous network. Hence, in our presentation, we opt to use a failure criterion that would be associated with the inter-fiber bonding response behavior, e.g. a critical bond deformation value. The latter would depend on the bond rigidity matrix and it is function of the displacement vector between the two nodes of a junction. In this context, we assume that the inter-fiber bonding behaves in a perfect clastic manner which is derived from the Morse' potential function, as introduced earlier in this article. Vol. 17, No. 1, 2006 Simulation of Random Microstructure of a Fibrous Network with Elastic Bonds
Failure

Numerical trials
Numerical trials were performed on ten samples for each selected configuration of the fibrous network (see Figure 1) . The samples are rectangular with the mutually perpendicular sides are parallel to the Λ; and y axes, whereby the sample size is L x χ L y . The mean area coverage "c" is considered in this study as a key parameter for the fibrous system as it determines the number of fibers in the sample. It is defined by:
area covered by the fibers c = (9) sample area Table 2 below provides the selected sample characteristics, which are the same as those used earlier by Bronkhorst (2003) . Ten samples have been simulated: the element average number n e [ e and the element average length L e[c are shown in Table 2 .
Table 2
Sample characteristics
The model employed for simulation is a well constrained one: the nodes on the edge at x=0 can't displace with respect to the x-direction; and the nodes on the edge at χ = L x are coupled with respect to the x-direction.
Further, on each of these two edges, the nearest-node to the edge center is not allowed to displace with respect to the v-direction.
A number of numerical trials of traction were performed. They are of the displacement-controlled type: a displacement U is imposed in the x-direction, on the edge at χ = L x .
x-direclion 
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As mentioned earlier, modeling of the samples was performed using a finite element algorithm, whereby the outputs are the nodal displacements, the stresses in the beam elements and the forces in the spring elements.
MECHANICAL CHARACTERISTICS
In this section, we focus our attention on the study of the influence of bonding rigidity on the mechanical properties of the fibrous network during steady state deformation, i.e. with no failure. Here, we seek the determination of Young's modulus and the internal stress distribution.
Pivots versus rigid bonds
The translational rigidity l, is assumed to be infinite. Meanwhile, the rotational rigidity k r is taken as either null (pivot) or infinite (rigid bond).
Young 's Modulus
A unit force is applied to each sample: the sample stress σ χ is defined as the ratio of the force to the sample cross-sectional area h χ L v . The sample strain s s is the ratio of the displacement of the loaded edge to the sample original length L x . Meantime, the sample Young's modulus E s is defined by the ratio of σ.ν to
s S·
As shown in Table 3 , the model with rigid bonds is obviously stiffer than the pivoted one: on average, the former model is 14 % higher in stiffness than the former one. Nevertheless, it was not possible to distinguish between the two models based on Young's modulus calculations alone: the values were not sufficiently confirming the average, as the obtained standard deviation (Table 2) was too large. 
Axial stresses
The axial stress analysis proved to be complicated to perform: indeed, each trial provided a very large number of stress values (more than 10 000). Nevertheless, the same stress distributions were found to be involved for both the two cases studied, i.e. with pivot and rigid bonds.
The stresses could be split in two sets: the negative stresses (compressive) and the positive stresses (tensile). The compressive stresses may be considered to be induced by the Poisson's effect within the sample; thus, the compressed fiber must have a "large" angle of orientation. In Figure 2a , only the compressed fibers of the sample shown in Figure 1 are represented: the angles of these fibers are large.
Indeed, Figure 2b indicates that around 75 % of the compressed fibers have an angle larger than 60°. It is worth noting, however, that it is not the same situation for the stretched fibers: the cumulative number of fibers for a given angle increases almost linearly, as shown in Figure 3 . Thus, a fiber with a "large" angle (more than 60°) may be either stretched or compressed. Meanwhile, a fiber with a "small" angle appears more likely to be in a stretched configuration. 
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The cumulative probability density function of the stress distribution must also be split with respect to the sign of the stress. According to the numerical simulations, we propose the following expression for the probability density function ρ(σ):
where:
• A is a normalization parameter such as: A = 1/{F (σ^,-σ^)}
• σ^ and σ^ are the exponential decay per force unit parameters.
Note that the stress distribution depends on the load F but σ η and σ ρ characterize the fiber network. It is worth noting that Aström proposed similar distributions in Aström et al. (1994) .
The parameters σ" and a r were determined for each sample: the average values are reported in Table 3 for both types of rotational rigidity. In Figure 4 , the stress cumulative density function obtained from the simulations are represented and compared with the one derived from expressions (10) and (11), whereby data were collected from all the numeric simulations The fit was found to be excellent for the rigid bonds as well as the pivoted ones. Unfortunately, it was impossible for us to predict the stress bonds. Figure 5 , for instance, shows that a stress bond may vary from 200 % to 400% for the ten trials carried out, thus, only the stress distribution itself was predictable. Moreover, it was also not possible for us to conclude which kind of bond would induce the . 17, No. 1, 2006 low stresses, as shown in Figure 5 .
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Fig. 5:
The stress extrema for all trials
Remarks:
If we consider Table 3 , it seems that the rotational rigidity has no important influence on the mechanical behavior of a fibrous network. This can be explained by the fact that the fibers operate both in flexion and Moreover W is also the total elastic energy obtained by the summation of the elastic energy of each element, divided by the specimen volume:
where I. is the length of the element / and σ. is the element i stress when the sample is submitted to the load
F.
Considering that L and a. have a statistical distribution whose density functions are respectively p(l) and /?(σ), an estimation of W,W, may be calculated as
It is worth noting that the above expression is available only if the element lengths and the stresses are not correlated. With the data collected with all the simulations (more than 100,000 data), a correlation coefficient was calculated: the value is extremely small (around 0.02). So, we can conclude that length and stress are uncorrelated quantities.
The stress distribution given by (10) and (11) 
(19)
With the numerical values provided by Tables 1, 2 and 3 , we obtain E s = 3.1 GPa for the rigid bond and Ε = 2.6 GPa for the pivot: these values over-estimate the modulus by 25-30 % in comparison with the results given in Table 3 . This shows that some fibers were not be involved in determining the Young's modulus: for example, the compressed fibers are probably more useful in determining the Poisson's coefficient than the Young's modulus. Moreover, the problem which arises with this calculation is the estimation of σ" and σ ρ . Is it possible to determine these quantities from the statistical characteristics of the network? This question is still open.
Rigidity in translation
In the following, k r is supposed to be infinite and the translational rigidity is variable: it is in the range of [10 10^] Nimm. For each value ofk,, ten samples are simulated.
Young's modulus
As shown in Figure 6 , the Young's modulus may be strongly influenced by the value of /^~100 N/mm. In fact, this figure shows the existence of a critical value for k ( : k { critica j· As far as k ( is superior to this value, the Young's modulus is weakly influenced by k ( , when the value of k ( decreases and is below this threshold, the Young's modulus value decreases.
In fact, the Young's modulus of the sample depends on the ability of the sample to be stretched in the xdirection. This ability depends on the deformability of the junctions and of the ability of the fibers to be stretched. So, if k, is much greater than the axial stiffness of a fiber ^ί α ι, the deformations in the bonds are negligible: then, for a given σ c ic 5,mnct inH<»r»i»nHent «f ν ρ 0Γ the studied samples, This result is important because it allows one to estimate k,. For instance, Bronkhorst (2003) showed some experimental results with a fibrous system similar to the one used in this study. In this article the experimental Young's modulus is superior to 2 GPa. This indicates that the translational rigidity is larger than the axial rigidity of a fiber. 
k . ι = ES/L·
Stress distribution
The stress distribution follows the same exponential rules (10) and (11), with the parameters given in Table 3 , with the value of A, in the range [1;10 6 ] Nimm. As shown in Table 4 , the stress extremes evolve with their absolute values are decreasing. This may be due to the capability of the bonds to store a greater amount of elastic energy when k, decreases: this would lead then to a stress relaxation in the fibers. Thus, it may be useful to design a fibrous system with softer bonds in order to increase its strength. Nevertheless, it is interesting to note that the negative stress bonds show almost no variation. This would lead then to the argument to consider that the compressed fibers are not involved in the determination of Young's modulus. 
Random distribution of k^
Following the previous paragraph, k, probably has a higher value than that of the axial rigidity of a fiber.
Nevertheless, it would be unrealistic to assume that the entire bond population is of the same rigidity. Indeed, if k, depends on the number of the hydrogen bonds between two adjoining fibers, then k, depends on the extent of the contact area and, by consequence, on the angle crossing of the two fibers. Moreover, k, may probably depend on the manufacturing process and therefore cannot be assumed as constant. Thus, in this presentation, we assume that k t is a random variable which follows the lognormal distribution
SXiat fibei
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(20)
The "Log" characteristic of k, is suggested by the difference of behavior for some k, values which are not of the same scale and by the assumption of a normal distribution of In(k,), Figure 6 . In the above equation, the parameter μ allows to set the number of bonds with a translational rigidity below the threshold k, critical ( Figure 7) ; meantime, the parameter "Π" is arbitrarily set to 1.
Fig. 7: Log normal distribution
The simulations were performed as follows:
All the simulations were carried out with the same fibrous network sample (Figure 1 ): only the junction rigidities k, were assumed to vary through the simulations.
• Ten random sets, S, (/ = 1 ..10), were simulated using a lognormal distribution with μ=1 and sdt= 1.
• For each set S" five calculations were performed whereby, for each, the set of the translational rigidities {k } was taken as {k^S-χμ.
(J= 1,..., 5). This corresponds to a lognormal distribution with μ=μ. (see Table 5 
for the values of μ.). 2. By controlling μ^., the rate r. of junction with k ( inferior to k, €ηίΚ αΐ is controlled.
Young's Modulus
For the sample chosen, the Young's modulus of the fibrous system with the rigid bonds is £=2.40 GPa (with pivots, Ε = 2.11 GPa). The results are gathered in Table 5 . For each μ,, the given results represent the average over the ten results obtained from the ten simulations with the ten sets S,·.
From Table 5 , we can remark that with only 25 % of the junctions with a translational rigidity above Κ critical -the drop in the value of Young's Modulus is only 13 %: that is the drop obtained when pivot bonds are used in modeling. That shows the extent of difficulty that was experienced in determining the junction characteristics from some macroscopic trials. Nevertheless, one can conclude that the exact value for k, is not important, nevertheless, it is useful to know if a small proportion of the translational bond rigidities are below or above k, critical-In the latter case, one can use any value above k, cr ni ca i to simulate the fibrous network quite
Stress distribution
The same conclusions as the ones written in Subsection 3.2.2 may be drawn: the stress distribution has the exponential cumulative density function given by expressions (10) and (11) with the pertaining parameters are as given in Table 3 for rigid bonds. Likewise, the positive stress bonds vary significantly while the negative stress bonds remain almost constant. where Uj (resp. U j) is the displacement of the node Mj (resp. Μ j)\ Mj and Mj are two nodes associated with the bond.
FAILURE
As outlined above, the simulations performed in this section are a displacement-controlled test. In this, a displacement U is imposed in the x-direction on the edge located at χ -L x and is increased step by step. For each step, the criterion (21) is evaluated: the elements which violate the criterion are removed; a new calculation is then performed. If the criterion is still violated, the elements involved are removed, and so on until no element violates the criterion. Subsequently, the imposed displacement is incremented.
The result of this simulation is the sample stress-strain curve which is drawn in Figure 8 . With reference to the latter figure, the important points of the curve are marked by the letters "(a)" to "(f)"· The first part is linear even if the first failures occurred before the critical point (b), i.e., first failures do not affect the Young's modulus. In fact, the number of broken bonds is very low as shown in Table 6 . Nevertheless, the very low number of broken bonds is sufficient to change the behavior of the system, i.e., the stress level can't increase. Meanwhile, Figure 9 shows that the failure area is already predictable in (b); the bonds located 
The stress distribution, in the present case, is still exponential-like; the parameters σ ρ and a r vary a lot from the point (b), that is when the global failure starts, as shown by the errors Ε σ^ and in Table 6; these ones are defined, respectively, by:
where σ η f a u ure and cy p f a n ure are the exponential decay parameters per force unit, obtained for the stress distributions which correspond to the points (b) to (f) on the curve plotted in Figure 8 . The same simulations carried out on other samples, gave the same results.
In the trial presented in Figure 9 , a failure stripe, parallel to the ^-direction, is clearly drawn: the subplot (a)- (b) shows that this area is drawn at the very beginning of the failure process. A priori, no indicator may foresee that this stripe is the weak area of the sample. To see if it is easy to shift the failure area, a new simulation was performed on the same sample: some bonds become broken in another stripe before the first calculation: the latter ones become broken even if they don't violate the criterion (21). In Figure 10 these "arbitrary" broken nodes are plotted: the number of such bonds is around 0.5 % of the total bonds; by comparison, the actual bonds broken at the step (b) (see Figure 8) In fact, some bonds are more important than others. Indeed, to show the influence of a bond on the deformation and the stress distributions in the fibrous network, the following calculations were carried out:
1. no bond is broken; the bond deformations defo\ and the beam element stresses σ, are collected;
2. one bond is broken (bond B 2 in Figure 10 ): it is actually broken before the step (b) (Figure 8) ; the bond deformations defo 2 and the beam element stresses σ 2 are collected; 3. one arbitrarily chosen bond is broken (bond ß 3 in Figure 10 ): the bond deformations defo 3 and the beam element stresses σ 3 are collected.
Then, the quantities: • the deformation and the stress distributions change only in an area very close to the bond B : , this failure does not really affect the sample; the bond ß 3 influence is then very low. 
CONCLUSIONS
The response behavior of a natural cellulose fibrous network, such as paper, is considered, in a simulation model, to include the effect of the occurring inter-fiber hydrogen bonds as an important aspect of the microstructure of the system. In this, inter-fiber bonds are assumed to behave as a combination of translational and rotational elastic springs. It is shown that the response behavior of the fibrous network is significantly influenced by the translational springs in comparison with the rotational ones. This dependence of response can be expressed in terms of the ratio of the spring rigidity to the so-called "axial beam rigidity"
as introduced in the model. Meanwhile, it is concluded that the internal stress-distribution is exponential and dependent on the rigidity of translational springs. In this, it is concluded that if the rigidity of inter-fiber bonding and the axial beam rigidity are comparable, the inclusion of the response behavior of inter-fiber bonding would be very important. In this situation, both the elastic response of the fibrous system and the inherent stress distribution would be strongly influenced by the inter-fiber bonding. Here, a criterion of interfiber bond failure is defined in the article as a function of inter-fiber bond deformation. It is further confirmed that if the failure of some inter-fiber bonds induces a global stress redistribution, successive failure of any of the remaining bonds would have a negligible influence on such redistribution.
